Introduction
There has been the continuous interest in investigating solutions of the Klein-Gordon equation with some diatomic molecule potential energy models, such as the Morse potential, 1,2 Rosen-Morse potential, [3] [4] [5] Manning-Rosen potential, 6 Pöschl-Teller potential, [7] [8] [9] and Deng-Fan potential.
10,11
As far as we known, the authors in these works did not quantitatively investigated relativistic rotation-vibrational energies for actual diatomic molecules. In recent years, one of present authors and co-workers [12] [13] [14] [15] In 2012, Zhang et al. 16 introduced the effect of inner-shell radii of two atoms for diatomic molecules into the original Rosen-Morse potential, 17 and proposed a modified RosenMorse potential energy model, ,
where , D e denotes the dissociation energy, r e denotes the equilibrium bond length, and K e presents the equilibrium harmonic vibrational force constant. The parameter K is a dimensionless constant, K = 4.00.
18 The ability of a potential energy model to reproduce the potential energy curve is judged by agreement with the known potential energy curve determined by the Rydberg-Klein-Rees (RKR) approach. Li 2 molecule. In terms of the RKR method and the multireference configuration interaction approach, many authors have carried out on investigation on the vibrational levels and the interaction potential curves for the lithium dimer.
23-25
In this work, we employ the basic concept of the supersymmetric shape invariance approach to study the bound state solutions of the Klein-Gordon equation with the modified Rosen-Morse potential energy model. We also attempt to calculate the relativistic vibrational transition frequencies of the 6 1 Π u state of the 7 Li 2 molecule and compare the present calculated values with the RKR data.
Bound State Solutions
The Klein-Gordon equation with a scalar potential S(r) and a vector potential V(r) for the nuclear motion of a diatomic molecule with reduced mass μ is given by
where is the Laplace operator, E denotes the relativistic energy of the quantum system, c is the speed of light, and = h/2π, h is the Planck constant. We express the wave function as , where is the spherical harmonic function. Substituting this expression into Eq. (2), we obtain the radial part of the Klein-Gordon equation, where v and J are the vibrational and rotational quantum numbers, respectively. Taking the equal scalar and vector potentials, S(r) = V(r), Eq. (3) turns to the form (4)
Under the nonrelativistic limit, Eq. (4) becomes a Schrödinger equation with the interaction potential 2V(r). In order to make the interaction potential as V(r), not 2V(r) in nonrelativistic limit, we take the scheme proposed by Alhaidari et al. 26 to rescale the scalar potential S(r) and vector potential V(r), and write Eq. (4) in the form of .
Considering the scalar and vector potentials as the modified Rosen-Morse potential, S(r) = V(r) = U MRM (r), we obtain the following second-order Schrödinger-like equation, ,
where . In the case of J = 0, we can exactly solve the above equation. When , one can only approximately solve it. We apply the Pekeris approximation scheme to deal with the centrifugal term. 27 The Pekeris approximation approach has been widely used to investigate the analytical solutions of the Klein-Gordon equation with various molecular potential models. [11] [12] [13] We replace the centrifugal potential energy term by the following form
where , and the coefficients c 0 , c 1 , and c 2 are given by
Substituting approximation expression (7) into Eq. (6), we rewrite it in the following form
. (11) where the parameters A, B, ε vJ are defined as , (12) , (
.
With the use of the supersymmetric shape invariance approach, [28] [29] [30] we solve Eq. (11). The ground-state wave function u 0,J (r) is written as ,
( 1 5 ) where W(r) is called a superpotential in supersymmetric quantum mechanics. 28 Substituting expression (15) into Eq. (11) yields the following relation satisfied by the superpotential
where presents the ground-state energy. We take the superpotential W(r) in the form ,
( 1 7 ) where C 1 and C 2 are two constants. Substituting the above expression into expression (15), we obtain the following expression for the ground-state wave function , .
( 1 8 )
For the bound state solutions, the wave function should satisfy the boundary conditions: and u vJ (0) is limitary. These regularity conditions leads us to have C 1 < 0 and C 2 < 0.
In terms of expression (17), we can construct a pair of supersymmetric partner potentials U − (r) and U + (r), ,
, (20) Making a comparison of Eq. (19) with Eq. (16), we have the following three relationships
. Solving Eqs. (22) and (23), we obtain ,
Substituting expression into expressions (19) and (20) and using Eq. (22), we can rewrite the two supersymmetric partner potentials and as follows ,
. (27) With the use of expressions (26) and (27), we can yield the following relationship (28) where a 0 = C 2 , a 1 is a function of a 0 , i.e., a 1 = h(a 0 ) = a 0 + αλ, and the reminder R(a 1 ) is independent of r, R(a 1 ) = . Eq. (28) implies that the supersymmetric partner potentials and possess the shape invariance. Using the shape invariance approach, 29 one can exactly determine their energy spectra. The energy spectra of the potential are given by ,
, (30) where the quantum number v = 0, 1, 2, ···. From Eqs. (11), (16) and (26), we obtain the following relationship for ε vJ , .
Substituting expressions (30) and (21) Substituting expressions (12) and (13) into expression (33) and using , we obtain the relativistic rotation-vibrational energy eigenvalue equation for the diatomic molecule in the presence of equal scalar and vector modified Rosen-Morse potential energy models,
where v = 0, 1, 2, 3,..., λ = , and we have made a replacement for .
When J = 0, we obtain the relativistic vibrational energy eigenvalue equation for the diatomic molecule with equal scalar and vector modified Rosen-Morse potentials, .
With the use of the superpotential given in expression (17) and the ground-state wave function given in expression (18), 
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